In this article we prove time-global smoothing effects of dispersive pseudodifferential equations with constant coefficient radially symmetric symbols on real rank one symmetric spaces of noncompact type. We also discuss gain of regularities according to decay rates of initial values for the Schrödinger evolution equation. We introduce some isometric operators and reduce the arguments to the well-known Euclidean case. In our proof, Helgason's Fourier transform and the Radon transform as an elliptic Fourier integral operator play crucial roles.
Introduction
Let X be a real rank one symmetric space of noncompact type. In this paper, we consider the initial value problem for dispersive equations of the form
where u(t, x) is a complex-valued unknown function of (t, x) ∈ R × X, f (t, x) and ϕ(x) are given functions, i = √ −1, ∂ t = ∂/∂t, D t = −i∂ t , and a(D x ) is a pseudodifferential operator with a real-valued symbol on X (the precise definition shall be given later). In case that a(D x ) = −∆ X , where ∆ X is the Laplace-Beltrami operator on X, the equation (1.1) becomes the Schrödinger evolution equation.
The purpose of this paper is to study the smoothness of the solution to (1.1)-(1.2) with additional assumptions on the symbol of the pseudodifferential operator a(D x ).
Roughly speaking, by introducing some isometric operators, we can translate all the timeglobal smoothing estimates on the one-dimensional Euclidean space into those on the real rank one symmetric space X.
We see the Radon transform R as an elliptic Fourier integral operators, and recover the regularity of a function u on X from Ru and the canonical relation of R * . Then we can also prove the gain of regularities for the solutions of the Scrödinger evolution equations on the real rank one symmetric space X from those on the one-dimensional Euclidean space.
First we will review some known results for dispersive equations on Euclidean spaces, mainly time-global spatially-local smoothing effects for real-principal-type pseudodifferential equations. We consider the initial value problem of the form 4) where u(t, x) is a complex-valued unknown function of (t, x) ∈ R × R n , F (t, x) and φ(x) are given functions, a(ξ) is a real-valued function at most polynomial growth at infinity belongs to C 1 (R n ) with ∇ ξ a(ξ) = 0 for any ξ = 0, and the operator a(D x ) is defined by
for an appropriate function v on R n . Since a(ξ) is real-valued, the initial value problem (1.3)-(1.4) is L 2 -well-posed, that is, for any φ ∈ L 2 (R n ) and for any F ∈ L 1 loc (R; L 2 (R n )), (1.3)-(1.4) possesses a unique solution u ∈ C(R; L 2 (R n )). In the case a(ξ) = |ξ| 2 , i.e. a(D x ) = −∆ R n , the corresponding equation is the Schrödinger evolution equation and there exist many related works for its dispersive properties.
One of the origin of the studies for dispersive properties is the study for well-posedness of the initial value problem of the KdV type equations by Kato [23] around 1983.
In [24] Kato and Yajima obtained the following estimate in case n ≥ 3:
Here we put x = (1 + |x| 2 ) 1/2 and D x = F −1
R n |ξ|F R n . In [1] Ben-Artzi and Klainerman also showed the following type estimate in case n ≥ 3:
where δ > 1/2 and C δ > 0 is a positive constant depending on δ.
In [30] Sugimoto obtained another type of time-global smoothing estimates for generalized Schrödinger operator not only for the homogeneous solutions but also for the inhomogeneous solutions.
Later in [22] Hoshiro obtained time-local smoothing effects for general real-principal polynomial symbols, that is, a(ξ) = |α|≤m a α ξ α (m ≥ 2, a α ∈ R) with its principal symbol a m (ξ) = |α|=m a α ξ α satisfies the dispersive condition ∇ ξ a m = 0 for any ξ = 0. Especially, in [22] Hoshiro proved that the dispersive condition ∇ ξ a m (ξ) = 0 (ξ = 0) is a necessary condition for the time-local spatially-local smoothing effects to hold.
Here we remark that the dispersive condition corresponding to a non-trapping condition for a Hamilton orbit generated by the principal symbol, i.e.
Recently, in [3] Chihara obtained time-global smoothing estimates for real-principal-type positively homogeneous symbols of degree m > 1, that is, real-valued functions a(ξ)
Then the estimate is as follows:
where δ > 1/2 and C δ is a positive constant depending on δ.
Above results are all for equations with constant coefficients. The methods of the proofs are mainly based on some Fourier restriction theorem in the homogeneous case and the limiting absorption principle in the inhomogeneous case. Also, for equations with variable coefficients, there are so many results related to smoothing effects. For example, in [6] Doi proved that the non-trapping condition is necessary for the spatially-local smoothing effect of Schrödinger evolution groups on complete Riemannian manifolds. (Also see [4] , [7] , [8] , [5] , [3] .)
Now we focus our interest on time-global smoothing effects for the Schrödinger evolution equation. Then above time-global estimates are essentially flat-Euclidean case. For other noncompact complete Riemannian manifolds time-global smoothing effects had not been obtained except for a special case. In [28] Rodnianski and Tao obtained a time-global smoothing estimate for the Schrödinger evolution equation on R 3 with compact metric perturbations. From the geometrical point of view for the Schrödinger evolution equation, if we assume some "nice" geometric structures for the Riemannian manifold and the non-trapping condition for the geodesic flow, time-global smoothing effects may be expected. Moreover, to investigate the relation between geometrical conditions and the time-global smoothing effects is one of the interesting and deep problem.
In this paper Helgason's Fourier transform plays crucial roles as in the Euclidean case. See section 2 for the notation and the rigourous definition for harmonic analysis on symmetric spaces.
In [15] , [16] and [17] Helgason introduced the Fourier transform on symmetric spaces, and also proved the Plancherel formula, the inversion formula, and the Paley-Wiener theorem for his Fourier transform. After his pioneering works, harmonic analysis on symmetric spaces have been studied actively and applied to various fields of mathematics by many people.
On the symmetric space X of noncompact type, Helgason's Fourier transform is defined by
And the Fourier transform is invertible by the following formula:
In the rest of this section, we will state our main results. For any real-valued function a(λ) ∈ C(a * + ) ∩ C 1 (a * + ) at most polynomial order at infinity, the pseudodifferential operator a(D x ) is defined by
for an appropriate function v on X.
Since a(λ) is real-valued, the initial value problem (1.
. Moreover, the unique solution u is explicitly given by
Here we introduce a "weighted" L 2 -space on X as follows. Definition 1.1. Let δ ∈ R, and for all u, v ∈ D(X), define an inner metric
In what follows we assume that X is real rank one. From Tits' classification [31] of isotoropic homogeneous manifolds, the real rank one symmetric spaces of noncompact type are exactly the following four types of noncompact complete Riemannian manifolds,
those are, the real, complex, quaternion hyperbolic space or the octave hyperbolic plane respectively, where H is the quaternion and O is the octave or called the Cayley algebra.
Here we state our first main results. 
Then we have
(ii) Let a(λ) ∈ C 1 (a * ) and q(λ) ∈ C 0 (a * ) be real-valued functions at most polynomial order at infinity. Suppose that the pseudodifferential operator a(D H ) on a causes a time-global estimate for inhomogeneous solutions, that is, there exist positive constants δ > 1/2, C δ and a cut off function χ ∈ C ∞ (a * ) with χ(λ) = 0 (|λ| ≤ 1), χ(λ) = 1 (|λ| ≥ 2) such that
Then there exists a positive constant C δ,χ such that 
Remark. Needless to say, the estimates above are meaningless without some regularity estimates for the "weighted" L 2 -space L 2,δ (X) and we will study local regularities and basic properties of L 2,δ (X) in Section 3.
Here we prepare standard notation for micorolocal analysis. 
Also, we have the gain of regularity for the Schrödinger evolution equation as following. 
Then for all x ∈ X, and b ∈ Θ x we have
In particular, if φ ∈ L 2,k (X), then we have
Here
Theorem 1.6. For any k ∈ N and δ > 1/2, we have the following continuous maps:
Remark. (i)
The results in Theorem 1.5 and 1.6 may be contained in Doi's results in [7] , but our proof takes different approach and is rather simple. So we will treat those as theorems.
(ii) Here we remark that the condition (1.5) corresponds to a decaying along some family of geodesics. In fact, we can rewrite the norm by using a pseudodifferential operator Λ and the Radon transform R as following (Λ and R are given in the next section):
(iii) We can restate the results in Theorem 1.5 by using geodesics: For a maximal geodesic
Finally, this paper is organized as follows. In Section 2 we review Helgason's harmonic analysis on symmetric spaces. In Section 3 we prove local regularites for elements of weighted L 2 -space. In Section 4 we prove Theorem 1.2. In Section 5 we prove Theorems 1.5 and 1.6.
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Preliminaries
In this section we introduce Helgason's harmonic analysis and prepare some lemmas needed later. One can consult with Helgason's books [18] , [19] and [20] on the basic facts on harmonic analysis on symmetric space. Also, we will establish some tools on symmetric spaces, related to the proof of the theorems. In this section, X is an arbitrary rank symmetric space unless we impose some conditions in addition.
Let X be a Riemannian symmetric space of noncompact type, that is, X = G/K where G is a noncompact, connected, semisimple Lie group with finite center and K is a maximal compact subgroup of G. Let g and k be the Lie algebra of G and K respectively. Let B be the Killing form on g, that is,
, and θ be the Cartan involution associated with the Cartan decomposition g = k + p. Let X, Y = −B(X, θY ), then ·, · defines an inner metric on g. Let a ⊂ p be a maximal abelian subspace and a * its dual. Then l = dim a is called the real rank of G, or X. For α ∈ a * , put
and m α = dim g α . If α = 0 and g α = {0}, then α is called a restricted root and denotes all restricted roots by Σ. Let g C and a * C denote the complexification of g and a * , respectively. If λ, µ ∈ a * C , let H λ ∈ a C be determined by λ(H) = H λ , H for H ∈ α and put λ, µ = H λ , H µ . Since B is positive definite on p, we put |λ| = λ, λ 1/2 for λ ∈ a * and |X| = X, X 1/2 for X ∈ p. Then the natural identification (Dπ G ) e | p : p → T o X (denote o = eK) induces the left G-invariant Riemannian metric on X. Let dx be the Riemannian measure, and ∆ X be the Laplace-Beltrami operator on X = G/K. Let a
′ be the open subset of a where all the restricted roots are = 0. Fix a Weyl chamber a + in a ′ that is a connected component of a ′ , and call a ∈ Σ is positive if it is positive on a + . Let Σ + denotes the set of all positive roots. Put ρ = (1/2) α∈Σ + m α α, n = α∈Σ + g α and let N denote the corresponding analytic subgroup of G. Then we obtain an Iwasawa decomposition G = KAN of G and g = k + a + n of g. Each g ∈ G can be uniquely written g = κ(g) exp(H(g))n(g), by κ(g) ∈ K, H(g) ∈ a, and n(g) ∈ N. Let M denote the centralizer of A in K, M ′ the normalizer of A in K, and the W factor group M ′ /M, called the Weyl group. The group W acts as a group of linear transformations of a * by (sλ)(H) = λ(s −1 · H) for H ∈ a, λ ∈ a * and s ∈ W , where g · X = Ad(g)X for g ∈ G, X ∈ g. Let w denote the order of W . We fix an orthonormal basis on a with respect to the Killing form and its dual basis on a, then we can regard a and a * as the Euclidean spaces of dimension l respectively. The Killing form induces the Euclidean measures on a and a * , multiplying these by the factor (2π) −l/2 we obtain the invariant measures dH and dλ on a and a * respectively. Put B = K/M = G/MAN. Let m be the Lie algebra of M and l be the orthogonal complement of m in k with respect to the Killing form. Since ·, · is strictly positive on l, the natural identification
Let db be the left K-invariant measure on B normalized so that total mass equals one. Put Ξ = G/MN, called the horocycle space of X, and let dξ be the invariant measure on Ξ. We can naturally identify Ξ with a × K/M by the diffeomorphism
be the horocycle passing through the point x = g · o ∈ X with normal b = kM ∈ B, and let A(x, b) = −H(g −1 k) ∈ a be the composite distance from the origin to ξ(x, b). (See Figure 1. ) 
Helgason proved the inversion formula and the Plancherel theorem as follows:
Theorem 2.1. We have the followings:
• Inversion formula ; For f ∈ D(X), the Fourier transform is inverted by
where c is Harish-Chandra's c-function.
• The Plancherel theorem ; The Fourier transform is extended to the unitary isomorphism
where
for all s ∈ W , and a.e. x ∈ X, b ∈ B.
Remark. By the W -invariantness of the Fourier images, we can rewrite the inversion formula as follows:
Also we have the following unitary isomorphism:
Next, we introduce the Schwartz space S (X) defined by Eguchi and Okamoto in [9] . They characterized the image of it by the Fourier transform. Here we identify the functions on X = G/K with the right K-invariant functions on G. For a function f on X, and for X, X ′ ∈ g we put
And let U(g C ) be the universal enveloping algebra of g C , then for X and X ′ ∈ U(g C ), f (X; g) and f (g; X ′ ) are naturally defined respectively as the homomorphic extension of the above definition.
For λ ∈ a * C , let ϕ λ (x) ∈ E (X) be the elementary spherical function, that is, 
for any a ∈ A + = exp a + .
(ii) There exists a positive integer N 2 ∈ N such that
Now we define the Schwartz space on the symmetric space X.
for any N ∈ Z ≥0 , and X, X ′ ∈ U(g C ). Then S (X) becomes a Fréchet space with the seminorms τ N,X,X ′ (N ∈ Z ≥0 , X, X ′ ∈ U(g C )). We can easily see that
where all inclusions are continuous and dense embeddings.
We also define the Schwartz space on the "phase space" a * × B.
Definition 2.4. Let I (a × B) denote the set of C ∞ functions ψ on a × B which satisfying
for all s ∈ W , λ ∈ a * , and x ∈ X. Then both I (a * × B) and I W (a * × B) are Fréchet spaces with the seminorms ν N,α,m (α ∈ Z l ≥0 , m, N ∈ Z ≥0 ). In [9] , Eguchi and Okamoto proved the following theorem. Next, we will see some basic properties of Harish-Chandra's c-function and prove a key lemma to apply pseudodifferential calculi on a and a * in the later section. Let Σ 0 be the indivisible roots of Σ, that is, whose elements are α ∈ Σ so that α/2 / ∈ Σ, and put Σ In the following, we will use the pseudodifferential operator theory freely. See e.g. [21] , [25] , and [29] for the detail.
A key lemma in this paper is the following.
Lemma 2.7. We have
uniformly on a * .
(ii) If X is real rank one, then c −1 (λ) becomes an elliptic symbol of order dim N/2.
Proof. Our proof is almost all same as in [19, Lemma 3.6, p.110] , but we need a little bit more precise estimates for c −1 (λ) to use pseudodifferential calculus. (i) For the gamma function following formulas are well known:
By using these formula, we can write c −1 (λ) as the following form
where we put s(ξ; a, b) = Γ(a + iξ)/Γ(b + iξ) for ξ ∈ R and a, b > 0. So we first investigate s(ξ; a, b). Using the formula for the gamma function
where γ = lim m→∞ {(1 + ) − log m} is the Euler constant, we can find that
. By an elementary calculation, we get t(ξ; a, b) ∈ S −1 , so if we can verify an asymptotic behavior of s(ξ; a, b) as |ξ| → ∞, then we obtain its of each derivatives of s(ξ; a, b). Now we use the formula for the gamma function
where |arg z| π − δ, 0 < δ < π, and c ∈ C. Since we can write
and |e
Hence by (2.2), (2.3), and t(ξ; a, b) ∈ S −1 , we obtain s(ξ; a, b) ∈ S (a−b) . Since λ, α 0 is a polynomial of λ ∈ a * of order one, by using expression (2.2) we have c −1 (λ) ∈ S m . By a simple cluculation, we have m = dim N /2.
(ii) If X is real rank one, then | iλ, α 0 | = |λ| for all λ, α ∈ a * , so ellipticity follows from (2.2) and (2.4).
Finally, we shall introduce the Radon transform and see its microlocal properties. For f ∈ D(X), the Radon transform is defined by
where dm ξ denotes the induced measure on ξ, or equivalently under the identification a × B ∋ (H, b) ↔ ξ(H, b) ∈ Ξ, we can also write
For ϕ ∈ L 1 loc (Ξ, dξ), the dual Radon transform is defined by
where dm x denotes the induced measure on {ξ ∈ Ξ; ξ ∋ x}. Then R * is the formal adjoint of R in the following sense:
For the Radon transform, the following inversion formula holds. (For the detail and the proof, see e.g. [19] .) Theorem 2.8. For any u ∈ S (X), the Radon transform is invertible by
Where Λ is a pseudodifferential operator on Ξ defined by
Next, we will see microlocal properties of the Radon transform and establish a key theorem. In [12] Guillemin and Sternberg introduced microlocal techniques to the study of generalized Radon transform between two manifolds X, Y by noting that δ Z , where Z ⊂ X × Y is a submanifold called incidence relation, is an example of a Fourier integral distribution and proceeding to study the microlocal analogue of the double fibration. After that, Beylkin [2] , Greenleaf and Uhlmann [13] , Quinto [26] , Gonzalez and Quinto [11] developed the study of microlocal properties, and applied to the more general support theorems, partial differential equations, etc.
Let Z ⊂ Ξ × X be the incidence relation, that is, Z = {(ξ, x) ∈ Ξ × X; x ∈ ξ}, and we consider the following double fibration diagram.
Then the Schwartz kernel of R is δ Z , that is, the delta function supported on Z, and δ Z is a Fourier integral distribution, so from Hörmander's theory Radon transform R is a Fourier integral operator of order − dim N/2 associated with the canonical relation Γ = N * Z \ 0, the twisted conormal bundle of Z. That is,
Similarly, R * is a Fourier integral operator associated with the canonical relation Γ t ⊂ T * X × T * Ξ, which is simply Γ with (x, ω x ) and (ξ, η ξ ) interchanged.
Now consider the microlocal diagram
where π T * Ξ and π T * X again denote the natural projections. If X is real rank one, then π Ξ becomes an injective immersion (cf. [26] ), i.e. satisfies the Bolker assumption, so Γ ⊂ T * Ξ × T * X becomes a local canonical graph. Then by a general Fourier integral operator theory and note for Sobolev wave front set in [27] , we have the following theorem.
Theorem 2.9. Let X be a real rank one symmetric space of noncompact type. Then we have the followings:
(i) For any s ∈ R, we have the following continuous maps:
(ii) For any u ∈ E ′ (X), ψ ∈ E ′ (Ξ), and s ∈ R we have
3 Basic properties of weighted L
-space
This section is devoted to proving local regularities of weighted L 2 -space. We shall study the properties of weighted L 2 -space L 2,δ (X), by using pseudodifferential calculi on a, a * and the Radon inversion formula.
Propostion 3.1. For any δ ∈ R, there exists a continuous seminorm · on S (X) such that for all u ∈ S (X)
Proof. By using Lemma 2.7 and Theorem 2.8, the assertion is obvious.
The basic properties of the weighted L 2 -space are the following.
Propostion 3.2.
We have
. Then for any δ ∈ R we have the following linear continuous map:
(iv) For any δ ∈ R, the following inclusion maps are all continuous dense embedding:
(v) By the natural coupling we have
Proof. (i) It follows from the Plancherel theorem immediately.
(ii) Since for any
.
From the definition of the weighted L 2 -norm, we see that
By using the basic theory of pseudodifferential operators, we can find 
can be uniquely continuously extended to its on L 2,δ (X) × S (X).
Now, we will examine the local regularity of the weighted L 2 -space L 2,δ (X).
Propostion 3.3. Suppose X is real rank one, then we have following continuous embeddings:
Proof. First, we will prove
It is enough to show for any R > 0 and k ∈ N that there exists a constant C k,R > 0 such that for all u ∈ D(X) with supp u ⊂ B(o, R) the following estimate holds
Take χ 1 ∈ D(a) with 0 ≤ χ 1 ≤ 1 such that χ 1 = 1 near {H ∈ a; |H| ≤ R}. Then for any j ∈ N, we have
where we set
By the assumption, from Lemma 2.7 (ii), c −1 (λ) is the elliptic symbol of order dim N/2, so there exist R ′ > 0 and
Take χ 2 ∈ D(a) with 0 ≤ χ 2 ≤ 1, supp χ 2 ⊂ {H ∈ a; |H| ≤ R ′ + 1} and χ 2 = 1 near {H ∈ a; |H| ≤ R ′ + 1}, then we have
For the first term in above inequality, by using the Hölder inequality we find
By using the Plancherel formula, there exists a constant C R,R ′ ,j > 0 such that
k , we obtain desired estimates.
Next, we will prove
For any u ∈ D(X) and χ 1 ∈ D(X), by using the Radon inversion formula we have
Since supp χ 1 is compact, there exists a sufficiently large R > 0 such that supp χ 1 ⊂ B(o, R). We can take χ 2 ∈ D(a) with 0 ≤ χ 2 ≤ 1, supp χ 2 ⊂ {H ∈ a; |H| ≤ R + 1} and χ 2 = 1 near {H ∈ a; |H| ≤ R}. Then we have
, hence we obtain
By a density argument, we can uniquely extend the linear map
to the linear isometry operator
for any u ∈ L 2,δ (X). Now take χ 3 ∈ D(a) such that 0 ≤ χ 3 ≤ 1 and χ 3 = 1 near supp χ 2 , then we have supp χ 2 ∩ supp(1 − χ 3 ) = ∅. Then we can decompose χ 1 u ∈ E ′ (X) as
To estimate the first term, set
Then we have
Since all the following maps are continuous
For the second term, set
then we can write
Since r(H, D H ) ∈ OpS −∞ , there exists the kernel K(H, H ′ ) ∈ E (a × a) which satisfies for any j 1 , j 2 , j 3 ∈ N sup
and for any ϕ ∈ S ′ (a)
Then the distribution kernel of r(H, D H )
i.e. the Hilbert-Schmidt kernel, so we have the following continuous map
Thus from (3.2), (3.3), we obtain χ 1 u ∈ L 2 (X) and there exists a constant C R > 0 such that
So we complete the proof.
Time-global smoothing effects
In this section , we prove Theorem 1.2, that is, a smoothing effect of radially symmetric constant coefficients pseudodifferential equations on real rank one symmetric spaces of noncompact type. The main idea of the proof is to reduce the argument to the Euclidean case by introducing some isometry operator from L 2 space on a Riemannian symmetric space to its on the horocycle space. We will see later this isometry transform a solution on the Riemannian symmetric space to the solution of the "same" equation with respect to the Euclidean variable on the horocycle space. 
After decomposing a * as the union of sa * + (s = ±1), we see that
Then by taking L 2 -norm over R × a × B and applying the assumption, we obtain
(ii) For χ, we can take a cut off function χ 1 ∈ C ∞ (a) such taht χ 1 (H) = 0 (|H| ≤ 1/2), χ 1 = 1 on supp χ, then χ = χχ 1 and we have
Then by applying the assumption, we obtain
Here we put χ 2 (λ) = χ a *
Gain of regularity for the Schrödinger evolution equation
In this section, we prove a gain of regularity for the Schrödinger evolution equation on real rank one symmetric spaces of noncompact type. We also use the linear isometry introduced in the previous section to reduce the argument to the Euclidean case. We can obtain a gain of regularity with respect to the Euclidean variable then we can recover the regularity of the solution from its image of Radon transform by treating dual Radon transform as an elliptic Fourier integral operator.
The following estimates on one-dimensional Euclidean spaces are well known.
Propostion 5.1. On one-dimensional Euclidean space R 1 , for any k ∈ N and δ > 1/2, we have the following continuous maps:
We can also translate above estimates on the one-dimensinal Euclidean space into its on symmetric spaces by using isometry T . and
Therefore by using Proposition 5.1 we have, ⇔(o, ±b; dH) / ∈ WF k+1/2 ΛR(e −it∆ X ϕ) .
So from (5.3), we get (o; ±ω b (o)) / ∈ WF k+1/2 e −it∆ X ϕ for a.e. t = 0.
Next, by using G-invariantness of the Schrödinger evolution group e −it∆ X we show at other points. For any g ∈ G, we have 
) is a bounded subset, so we get
Hence τ g ϕ ∈ L 2 (X) and g −1 Θ ⊂ B satisfies the assumption (1.5). By applying the above argument at the origin o, for any b ∈ g −1 Θ ∩ (−id B )g −1 Θ, and a.e. t = 0 we obtain (o; ±ω b (o)) / ∈ WF k+1/2 e −it∆ X (τ g ϕ)
= WF k+1/2 τ g (e −it∆ X ϕ)
/ ∈ WF k+1/2 (e −it∆ X ϕ).
Finally, if ϕ ∈ L 2,δ (X), then we can take Θ = B, so the assertion folds. For gain of H k locregularity, we can also prove by the same argument. So we complete the proof.
Finally, we prove Theorem 1.6.
Proof of Theorem 1.6 For any ϕ ∈ L 2,k (X), from the definition of the weighted L 2 -norm, we have
For any T > 0, by using the continuity of the map (5.1), we obtain
for some C T > 0 depending on T . The rest assertion proved by the same argument.
